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1. INTRODUCTION

The relativistic theory of free particles of finite mass and noninfinite spin is a well-investigated :
[*“]. Problems however arise concerning the interactions. As usual the system of the first
equations is considered , so as every higher-order equation is reducible to the system of th
order equations. The well-known examples are the Dirac equation and Kemmer-Duffin-Petiau (K
equations[*]. All these equations contain some NxN matrices, which determine the spin-s
structure of the model . Here we are interested ilkKDIe-like equations, especially the case N=16 .
Although in this article we restrict ourselves with the theory of free particles , we compute s
general expressions for the further investigations of models with interactions. In spite of the ge
theory of above-mentioned matricés][, most of the authors have confined themselves only wit
some special casgs”® ], and possibly, some important features have been lost. Subsequently
present only the basic elements of the Lorentz-invariant wave equations , in the next three sectic
find the general expressions of the above-mentioned matrices with respect to the three diff
basises (direct product -, Gelfand - and KDP ones) and the last section is dedicated to Hermitia
matrices in these basises. Here we are not interested in the physical meaning of these results, v
this is the subject of the next papers.

It is well known ] that the system of equations for a free field of arbitrary spin

(83, -m)w(x =0 L

(where B, is a set of four NxN-dimensional matrices, independenkpfis invariant under the
homogeneous Lorentz group, if

T(A) & Y(x) - ¢ (X) = TNP(

T NBTN =AWB = [B.So]= {18, ~10B,). @

Here the transformatiom stands for the finite-dimensional representation of the homogenec
Lorentz group:

T : SQ,; 0N (w) - TA) = exp(—iEme”")



1 : _
Denoting: R =--¢, 5", $= 8 (i,jk=123),onegets:

2
[B2-:] 8]+ B, =0F (32)
[Bo,R]=0 g
and
B, =-i[BsS] - (3b)

Therefore, it is sufficient to find onlg,, otherg, -s are derivable, using boost-transformatiéns
So for the well known Dirac equation ( the representatiof) O (0,3) ) the y, matrices satisfy

1
S =Z(ypyg ~VoVo) » VuVu VY. =20, (4)

and the fieldy describes a spin-1/2 particle. The 16-dimensional Kemmer-Duffin-Petiau (KD
representation with properties

Ses ZBoBs =BoBo s BoBubBs + BoBuBy = 9B + 9By ()

consists of three irreducible fields, the first of which is trivial (one-dimensional), while the other tv
are spin O (five-dimensional) and spin 1 (ten-dimensional) fields. There are attempts to describe
bosons and fermions, using the KDP equatiéiils but unfortunately, using only the special cases of
the B — matrices. Although the KDP-algebra (5) is possible in the case of arbitrary dimension of

space-time[°] , here we restrict ourselves with common dimension four .

2. DIRECT PRODUCT BASIS

In thedirect-product(DP) basis ((3,0) 0 (0,3)) 0 ((3,0)0 (03)) all the matrices may be expressed
via the direct products of the Dirgc-matrices , so the Lorentz-generators are:

1
ST =Syt O+ 10y (6)
and the common choise @f - matrices is :
1
pr=2 0O+ 0y") . ()

"2

The DP-basis is most favoured in the physical literature , but the spin states are mixed up here
an another basis (KDP) it comes out, that the choise (7) describes two particles with same mass
but different spin, 0 and 1.



Direct calculations give that the most general expressi@ ofvhich satisfies the
relativistic invariance conditions (3a) in this basis , is :

oo 0 z O 0O 0 O Ow O 0 O 0O 0 0 @

do o0 0 gz 0 0z-z 00 w 0O O w-wO 0

E‘z3 0 0 O 0O 0 O 00 0 w O 0 0 ©

0z 0 0 zz-z O 0 0 0 0 0 w 0 0w- w

10 0 0 z-z 0 0 gz 0O Ow-w O 0 w 0 0

oo 0 0 0 0 0 0 z 0O 0O 0 O 0w 0 Q

0o z,-z 0 O z O 0 00 0 Ow-w 0 0 w @ (8)
o _H0 0 o0 o0 0 zz O 0O O O O 0 0 0 wH
“ F, 0 0 0 O 0 0 00 0 z O 0O 0 O %ﬁ

M w, O 0 w,-w, O 0 00 0 0 z 0 0z- 3z

00 0 w O 0O 0 O 0z O 0 O 0 o0 ]

do 0 0 w 0 Ow,-w, 0 0 gz 0 0 z-z O (N

go w,-w, 0 0 w, 0 0 00 O 0z-z 0 0 g (%

00 0 0 0 0Oww 0O 0O O 0 O 0 0 0 zf

0 0 0w, —wy 0 0 w 0 0z-z O 0 Z 0 0 (03

HO 0 0 0 0 0 O w, O O 0 O 0 z 0 @

wherez,...,z,w,...,w; are arbitrary 16 parameters. The determinant of this matrix is :

detBre = @z - WW) (WW= 272 (Z:2 WWw2 ,222 WW4 324 ,Ww ©)

22,7+ 2w W) (WW— 22-2 ww 2 z2& 4 wywd 772 W2 ,27

In the common case (et =0 and there are no inverse matrices f+ s But in the general
case it is possible that d&t 0.

Since every arbitrary 4x4-matrix may be decomposed with respect to the Dirac-b
s :{I YiurYsi VsV, ,GW}, it is possible to present generg|, as in (7):

B,=B,+B, , where

Bpl = al(yp D I) +b1(y5yp D y5) + Clguvaﬁ(yv D O-aﬁ) + dl(yv D auv) + ll(y yu D I) +

f.(y, OVs) +KE s (Vey' Do) +e(yy' 00,,)
(10)

B, =a,(10y,)+b,(ysOyy,) +CE (@@ Oy")+dfo, Oy )+ 110y y,)+
fo(Vs OV ,) + Ko s (0P Oy ey’) +e (o, Oysy")

Herea,,a,,....., ,6 are arbitrary 16 constants and

0,,1,,2,,3

ys =iyoyly’y® o™ =i§[v“,y”]

£ - completely antisymmetric unit tensor.

uvapB

We use spinor representatigi = g* 0 | = g) bgyk =-ig?0c* = T 0B



where | is 2x2 unit matrix and g* the Pauli matrices.
The relations between the two systems of parameters, (8) and (10), are

2, =(a,+b - G- id)+(L+ f,~ k- ie)D
Z, = (8 + b+ G+ id) +(L+ F,+ K+ ie)o
Z,=(8,~ b+ g+ id) = (= f,+ k,+ ie)D
2, = (8- b~ 6= id) = (L~ f, k- ie;)@
z,=(8 - b - ¢+ id) + (L~ f,— K+ ie)
%= (3= b+ = i) +( 1= i+ km ie)
z,=(a,+b+¢g-id)-(L+ f,+ k,— ie?)D
zz=(a,+b-c+id)-(L+ f,— k,+ ie?)%
W, = (e, +b - ¢ = id) + (I, + f,- k,— ie) D
W, = (2, + b+ 6 id) + (1 + £+ K+ ie)0
W, =(a - b+ g+ id) — (L= f,+ K+ ie)D
w, = (- - g - id) - (I~ f,- k- ie@
W, =(a, - b - g+ id)+ (- f,- K+ ie)
W, = (&~ by + G- id) + (L= f,+ k,— ie)
W, = (3 + by + G- id) — (I + f,+ k,— ie) [
W, =(a,+b-¢+id)-(L+ f,—k+ ieJ)E

(11a)

(11b)

The members with coefficients,h,¢,d correspond to a vector, the members with, ,k ,e - to
a pseudovector . On the other hand,Af' depends froma, ,d, f ,k , then the B° is hermitian
(B*- antihermitian), if - froml.,e ,b,¢c , then the B° is antihermitian @*-hermitian). In the
special , symmetrical case, =a, =4a,..., = = e and therefore w,=z,....w= 7. By
choosing subcasa=1/2,b=c=d=I= f = k= e= 0 one gets the3" as in (7). Generally the
KDP-algebra (5) is satisfied by* (a,b, |, f) for which

1
2+f2_ 2_|2:_
a b 4@ (12)

af —bl=0 H

The nonsymmetrical parts ¢ - matricesf(a,,b,,I,,f,), (k=1 or 2) satisfy the Dirac algebra
(4), if

aZ+f2-b2—12=10

13
a f, bl =0 E 13)

For the same expressions @fa, ,b,,l,,f,), (k=1 or 2) B -matrices satisfy theew algebrd9

B,(B.B, +B,B.)B, =29,,B,Bs (14)



but in this case the specific condition

a’ + sz—bf—lfzog
a f, bl =0 a
takes place. It is clear , that the constraints of the new algebra (14) are weaker than the Dirac’s ¢

(15)

3. GELFAND BASIS

This basis is used by Gelfaatlal[*] for building the general theory of the first order relativistically
invariant equations . The spin states are separated clearly in this basis . Here w&ealartidasis
(G-basis) in the following ordering :

(0,600(0000(,7;90G,2;90 (100 (OO G ;) G 5 ),

where(k, I; j) denotes the reduction of the irreducible representglior) of SQ , to the irreducible
representation ofSQ,. In this basis

MO0 0 0 0 0 0 0 O
M0 O 0 0 0 0 0 O
M0 0 0 0 0 -i(KVy) 0 [
D0 O 0 0 0 0 -i(KV,)D
S0 0 0 -m 0 0 0 o (16)
0 0 0 0 -im 0 0 [
MO-i(KVy)" 0 0 0 0 0 O
o 0 -i(KVy)" 0 0 0 0 H
0000 0 0 0
0000 0 0 0
13380 8 8 &
_ . 0
R=mooom 0 0 o7 17)
MOOO0O OmM 0 0O
0000 Om 0O
m0000 0 OmH
1 0 1 OS 0 -1 OE Q o .
|
Here ml:—ﬁgl 0 @M:—EEL 0 —lgmsz—% 0 0O (18)
91 1 0 #o0-3

are the generators of the representafidnof the rotation grou8Q,, and



(19)

K, =(100.,K;,=(010,K;= (0023 and V,

are the Hurley matrices?.

Now the parametery, of [, , corresponding to spin O , and the paramekgrscorresponding to

spin 1, are separated and embedded into 4x4-block and 12x12-block respectively :

(20
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The determinant is :

(21)

del = X(X, = %% )X %-%x%°) ¢y- yy )y y y¥)

The unitary transformatiorld , which connects the quantities of DP-basis with ones of C

UR,, U", has aform

basisR;

(22)
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Direct calculations give det=-m’n® s{+ o *) f+ r* ) and from unitarityU*U =1 we
conclude tha? = n*=1, s+ ¢ =1 g+ r=1.Itis possible to taken=1,n=-1 and s= cosf,
g=sin@, p=cosp, r =sing, so that there are only two independent paraméteaad ¢ . It is
easy to write connections between the parameters of G-basis and DP-basis ones :

X, =m(qw; + s3)
X, =n(gz + sw)
X; =m(gz — sw)
X, =n(qw, — s2)
Xs =m(gqw + s2)
Xs =m(gz — sw)
X; =n(qz + sw)
Xg = N(qw, — s32)
Y= P42z - 2)- pR w- W- & w W+ (@& I
Y, = pL2w — W) = p§2 z— 2 +rs(2z, - z) - r2w, - vxg)g
Ya=pL2w - W)+ p2z- 9- 2 & F- (@ w I
Vo= P27~ 2+ PR w- W @ w9+ @ 2 P
Ys=p422- 2)- p2 w- W- 1 w W+ @& O
Yo = P20, ~w) + Po22 - )~ €2z~ P MR W W
Y= pL2W - W) - p§2z- 2+ & 2z - (@ w I
Vo= P27~ 2)+ PR w- W+ 2 w- W+ @ = ¥

OOOoOoOoOoOoOoooodd

(23

The SQ-invariant R®> = R + B + B is not diagonal in the DP-basis, but is diagonal in the G
basis, having on the main diagonal 4 values 0 and 12 v@(yesl) = 2, corresponding to the spin 0
and spin 1 parts respectively.

4. KEMMER-DUFFIN-PETIAU BASIS

In many physical application§§% theKDP-basisis used , ordered as
(0,00 ((z,2)0(00)0 (100 (030 ¢ 2))-

Thus the 16-dimensional3 —matrices reduce to the direct sum of 1-5-,and 10-dimension
B — matrices in the common case (7) . Notice that in this basis the group-theoretical properties ¢

equations (1) turn to be explicit and the separation of different physical states takes place. |
KDP-basis the Lorentz generators have the form
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v®=1 (It is possible to take

iu°t>v and from V*V = | it follows that u® = t>

t=v=1).
The most genergB®, which satisfies the relativistic invariance conditions (3a) , is in the KDP- bas

where deV
u
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The determinant is

dqx?mp == 8881 V13 E L1 Vs El s W€~ EE ) (28)

where parameter§, be expressed by the use of parameters of DP-basis as follows:

Elzéitv(zl_w7+vvl_ Z7_222+2V¥_2V\£+238
[
1.
&=z - W= W+ 2-22+2 W2 wW-2 9
U
1
&=oVWs+ 2 -z W+22+2W-2wW-29

i
&, =§(224+2W4+2W6+ 2z- = W- W- 2
1 (29a)
é = EiUt(Ws -Z;— W +Z)

1
§6 =5 Ul(Z— W~ W+ )

[
5725(21+W7+\N1+ z-22-2wW-2w-23

MOOdOoOoOoOoooooOoOod

& =%iut(zl+w7- W= Z=22-2Wr2w+23



1.

59 :Elm(zl W W - 27)
i

10 :E(Zl+ W, + W+ )
1

¢ :EUt(Zi_ W, — W+ 2)
1

512 ZE(ZI_ W, + W, = 27)

i (29b)

s = _E(Za"' W;+ W+ Z)

1
éia 25(23"' W; = Wy = Z)

1
Gis =5 IUV(W; = Z+ W= 242 2-2 W-2 W+ 2 3

OOOOOOoOdoOoOmOodooooodno

1 0
G =W, =2~ W+ Z+272-2W+2W-23 7
In the concrete fashion (9) ,wheeg = a,=a,...,e = g = e :

E, =-2tv(l+f +3+ 3e)
é,=-2itv(l - f + T - 3e)
¢, =2i(a—-b+3k-3d)
¢, =-2i(a+b+3k+ 3d)
0 =2i(@a+b-k-id)

L =2(+f —-c-ie)
é;=-2i(a—-b-k+id)
uw="2(0-f -c+ie)
§,=65=65=85=&9=8 =& 157§ 1= 0F

(30)

OOooooOomoOooood

It appears that the reductiob6 = 100 501 10 (or, 16= 50 10 10) of the B — matrices takes place
only if B*-s depend solely om,b,k,d (or, onl,f ,c,e ). In the case (30) only the reduction
16= 60 10is possible.

A general form of 3", which satisfies theveak conditionsof discrete symmetriem N=10 -

representation , is given inf ]. The same calculations in the case N=5 give nothing new. Since 1
case N=1 is trivial, the independent parameter8 ah the KDP-basis are :

54:_5 =i

n(q+|)x5 (i - q)x Cg+i L _if-g)p

U

61262 63 55 Ee Eg Eg Ell 515 616_0 E
O (31)
U

E10 513 514 =

ZO Zx H



where @, X - arbitrary complex members. If we demand the validity of (30) and (31) together, the

1

a—5—3k

b =-3id

|=-

f =-3e

CRDICIED
329X

q= i(q +i)(ax® +i)

- 320

_1 (@+i)ax’ -

8 320x

R CRDICR)
32igx

(32)

k

1

The corresponding parameters in the DP-basis are :

(33)

N
1
=
1
|
=
+
O

Z; =W, =

In the special case, g =i,x=-i we get the well-known expressions (7) . There are only two fre
parameter,q (or,z #0,z # 0 ), all others are expressed via these as follows :



One can easily verify that hgBé -s satisfy the KDP algebra condition .

1 z O
Z?‘Z“LES
_1 0
Zs_E B
,-1,10o
‘4 8zH
e
57275 0
=1 0
"4z, O
_1, 10
%74 &1

5. HERMITIANIZING MATRIX

(34)

The invariant bilinear form in this theory is definedigs , wherey =@ *H . This means'{)
that there exists a nonsingular Hermitian matfisuch that the transformation(A) is H - unitary :

or

T*(A)H = HT(A)

HR - R H=0

~ HS,-S, H=0

,HS, - S H=0 (k=123

(35)

(35)

No need to say that because of the non-unitarity of any finite-dimensional represent&@np tfis

form is always indefinite. In the common KDP-thedr§j[ H =237 - | .
The most gener&ermitianizing matrixsatisfying the equations (35), has the form



hy
h

N

0
0
0
0
0
0
0
0
0
0
0
0
0
0

0 0
0 0
—hy —h
-hy —-hy
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0

2 oo o O oo o

O O O O O O o o

[98)

0O 00 00O OO OO O
0 0000 O0O0TO0O0 0
0O 000 O0OTUOTU OT OO0 O
0 00 0O0O0OT 0O 0
O 0h 0 0 O 0O 0O 0 O
O 0 Oh, 00 0 0 0 0 B
0O 0 0O Ohh, 0 O O O O :
0O 0000 OUOTU OO0 O
h, 000000000 Q
Ooh, 00 0 OO0 0 0 O
0 0 00 Oh 0 Oh o0
0 00 0O O Oh 0 Oh,
0 00 00O Oh 0 Ohp
0 000 O0h O Oh O O
0O 00 0O 0O Oh O Oh @
0O 0000 0 O0h 0 0hH

From the Hermiticity condition it follows that

h4:h;’hlo:Fb’r‘b: h,h=hh= Q,*fg: QQ: h.

The non-degenerancy is satisfied if

dets =-h;h’ hh-hh *)ih- bk A0 .

As to the space inversion operator, [

12]

it may be presented similarly by choosing

h=h=h=h,=0h=h= h= h= g

h,=q,0h=0/q

and

det= .

(36)

(37)

(38)



The Hermitianizing matrixH in the DP-basis has the form

0o 0O 0 0 0O 0 0 0 0 0 B o 00 0 @
Eo h 0 0O -h O O O O O O h+h 0 0h-h cg
Eo 0 h 0O 0O 0 00k O O O 00 O c%
0o 0O 0 0 O 0 h O Oh O 0 0 0 © 0]
Eo -h 0 0 R 0 0 0 0 0 O0h-h O Oh+h da
0o 0O 0 0 0 0 0000 0O O 00 0 RO
Ho o oR o0 0 0O0O0O0 O O R O o0
HDP‘SO 0o 00 0 0 oR 00 0 0 Of 0 O @9
50 O h 0 O 0O 00 O O O O O O (g
0o 0O O0h O 0 0000 0O 0 h O o0 0@
%r’io 0O 0 0 0 0 0000 O O OO0 O @
Eo hoth, 0 0 hpb-h, 0 0 0 0 0 O h O O -h (%
0o 0O 0 0 O oh O0OHR O O OO 0 @
o 0O 0 0 0 o oh 00 0O o0 O0R 0 o0f
0o h,-h, 0 0 hy+thb, 0 0 0 0 0 O -h O O h ol
Ho o oo o #4, 00000 0 0O 0 0
where
- 1, O
h=2(p"h+ prhe + h)+ P h) g
O

~ 1

h, =2 (P + pith = h) = Fho)

- 1 O

h3=§(p2ho+pr(@-h)-r2fs)g

~ 1 0

h4:5(phz_pr(h)+ho)+r2h)5

h=dh+ath+r +Sh O (40

h=d’h+agh-B-8h [

h=cth +agh-h)- $h 7

h=gh-qth+ + &ph 0

~ 1 0

hQ:Emnq 0

- 1 D

h10:§mnhu E

and det,, = —256°hy(hh - hR)*(hh-bhH .

In the usual case (7H,, =V, 0y, , which is provided by the choisk, = h, = h,= h, =0,
hy=h, =1, hy=h,=h=h,=1/2.



In the KDP-basis the
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where

A=2p(n+h-h- )+ P(h+ b+ b+ b)+2 ot b 1)
h——vt[ ?(h-h+h-h)- F(b-b- b+ b)+2 dr b+ )
o=2fa(n+ h-h-h)+ 8(b+ br br -2 dos
= Suf-c(n -+ h- )+ & b= h-h,+n)+20{h+ o)
Ao=ov{(h-h-h+ h)- F(h- b+ b= b)+2 df be )
=2l (e bbb+ P(Be b= - 1)-2 pf h- B
A =3 mr(h + b)
A =5mr(h - h)

A=Juf-(n-h- s n)+ 8(h- pe pon)+2bdn + o)
o=[a7(n+ b+ hoo )+ 8(b+ b h- B2 o

(43

8 s o o e o o o A

and det KDP:_(72+823 49_3104 16 25 (44)



Finally let us note that thede - matrices play the important role in the investigation of the discre
symmetries of equations (1) . Theeak conditionsof discrete symmetrieare presented in the
previous workf*?.

7. CONCLUSIONS AND ACKNOWLEDGEMENTS

We presented some general expressions fothenatrices of the first order wave equations in the

16-dimensional representation , using three different basises. We hope that these represen
allow to construct a more realistic theory of elementary particles and their interactions. Of course
model must contain some nonlinearity . Except the cases (12) - (14) , we have not concretize
algebra of 8 - matrices . The general 16-component theory of the massive single spin-1 parti

using the new algebra (14), will be published in the nearest future. We hope, that the 16-dimen:
representation will enable to embrace successfully both the bosons and fermions within
framework of some realistic model.

The Maple V rel.3 were used in these calculations. The authors would like to thank Raul Roor
and Toomas Susi for enlightening consultations and valuable help in this field.
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